The paper aims to contribute to the use of electric double layer capacitor (EDLC) sets for boosting voltages of contact lines in urban and suburban railway traction systems. Different electrical configurations of contact lines are considered and investigated. For each of them, proper mathematical models are suggested to evaluate the electrical performances of the contact lines. They give rise, also, to sample design procedures for the sizing of the most appropriate energy storage systems, to be distributed along the lines, for boosting line voltages and avoiding undesired voltage drops. A numerical example based on the "Cumana" suburban Naples railway network is presented to give an idea of the weights and sizes of electric double layer capacitors needed to boost the voltage of a sample contact line. In particular, three different EDLC systems, for a overall installed energy of 9.6 kWh, have been placed nearby the stations presenting the highest voltage drops during the most representative situation of trains' service. The new voltage drop is equal to 32% of that obtained in absence of EDLCs.
Introduction
Electrical energy storage systems are composite sets of electrochemical batteries and/or electric double layer capacitors (EDLCs), singly supplied by power electronics devices. New generations of electrochemical batteries (lithium batteries) and EDLCs [1] [2] [3] [4] [5] , together with the widespread availability of cheap power electronics converters, make it possible to realise systems that are not too expensive and address previously unacceptable disadvantages. They are capable of allowing a controlled bi-directional flow of electrical energy by stepping up or down converter voltages between feeding lines and storage components [6] . A proper design of storage capacities allows one to use electrical storage systems for different practical applications. Researchers are now paying increased attention to different utilisations of these systems in urban and suburban railway traction systems [7] [8] [9] . The use of energy storage devices can become very useful in all means of transport, because they can be made capable either of improving efficiency by recovering braking energy and contributing to starting engines or of boosting contact lines voltages. The use has been in the past limited by the weight of electrochemical batteries, by their unsuitable overloading capacities, and by their short lives. Practical applications can be today either stationary or movable [10] [11] [12] [13] . In the former case they can be devoted either to recovering energy and returning it or to smoothing electrical power peaks in electrical supply network or to support line voltage. Therefore, they must be installed either near to suburban train stations and streetcar stops (energy recovery) or at some critical points along contact lines. In movable applications they are installed onboard and, hence, they are used to improve efficiency by recovering mechanical energy during braking [14] [15] [16] . The action is also useful for smoothing electrical power peaks during train start-up. Until now, the use of storage systems has been not extended to heavy railway traction, because storage systems are insufficient for long distances.
In the following sections of the paper we will pay attention to the boosting action of electrical storage systems, because it seems to us that this practical application can be very useful to solve feeding problems arising today in a lot of big towns. In practice, in the last ten years numerous trolley cars of a new design have gone into service on suburban and city lines. They are generally called jumbo trams, by analogy with the well-known large aircraft. Jumbo trams are longer than traditional streetcars and their traction drives have a higher rated power than any previously used trolley car designs, but one rarely have contact lines been changed or properly updated taking into account the increased current drawn by jumbo trams, as compared with older trolley cars. As a consequence, contact lines sometimes become overloaded, which results in drops in their operating voltages, sometimes below their minimum allowed values. Other trolley cars, travelling in the vicinity in the same or in the opposite direction and fed by the same DC source, can sometimes enter a stand-by condition, due to the protective action of their minimum voltage relays. The same problem arises in suburban traction systems when passenger carrying capacities during daytimes are improved by increasing the number of trains operating simultaneously on the same section of the traction line. To avoid this situation, in many cities, line masters have already resorted to different arrangements for supporting the voltages of contact lines. From a theoretical point of view, all solutions have the goal to limit contact line voltage drops by arranging auxiliary electrical networks that, here and there, boost voltages. Today, the same result can be successfully obtained by the use of EDLC stations allotted along contact line sections [17] [18] [19] [20] [21] [22] . This appears to be a good and useful solution to improve line performance and avoid undesired voltage drops without substantially changing the structure of the existing contact lines. However, such new configurations are only capable of improving the performances of old contact lines if EDLC sets are properly designed with reference to their size and capacitance, the number and locations of the stations and to strategies used for the involved power electronics devices. The design of EDLC stations can be easily performed by referring to the mathematical models of the whole traction system, involving not only the modified configuration of the contact line, but also the actual operations of streetcars and trains. Sizing procedures used for selecting energy storage systems devoted to boosting contact line voltages are quite different from those to be used for designing EDLC sets devoted to electrical energy recovery. In this case, first of all it must be taken into account that the amount of recovering energy is so higher as nearer EDLCs are to traction drives. For this reason the more proper solution implies the arrangement on board or at the least close to train stations or to streetcar stops. Besides EDLC sizes depend on the amount of recovering energy.
At present, on board and stationary storage devices have been adopted by Bombardier and Siemens. Bombardier has developed a 1 kWh MITRAC Energy saver (300 kW maximum power) used on the roof of LRV in Mannheim public transport in 2005 [12] ; an equivalent product, a 1 kWh EnerGstor-Wayside energy storage system-has been prototyped but is not yet operating [23] . Siemens has developed 0.85 kWh SITRAS-MES mobile energy storage system for on-board applications with a maximum power of 288 kW. Moreover, Siemens offers usable 1.7 kWh to 2.5 kWh SITRAS Static Energy Storage (SES) depending on the chosen configuration with a maximum power of 1 MW. The system is in full time service in many cities including Bochum, Cologne and Dresden (Germany), Madrid (Spain) and Beijing (China) [24] .
Most of the papers in the literature on stationary applications for urban railway networks, discuss mainly their intrinsic capability to save regenerative energy with consequent increase of the energy savings of the systems and reduce voltage drop [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Among them [17] proposes a stationary solution for voltage regulation at supply line weak points and reduces the peak power input, resulting in lower losses in the supply electrical network lines; [20] discuss sizing of energy storage systems and their optimal charge/discharge control, whereas [21, 22] propose optimization procedures for choosing the fundamental characteristics of a energy storage system employed for urban mass transit systems. However, most of the papers do not deal in depth with the main problem of the size evaluation of the stationary energy storage for suburban railway network taking into account the traffic conditions. This aspect appears to be, partially, worked out in [8] . In this paper, we will only deal with EDLC sets having fixed positions and allotted along four standard configurations of contact lines. The mathematical models of each of them are shown, evaluated by referring to generalized function theory [25] . The mathematical models will then be used to carry out design algorithms that enable the selection of a more appropriate set of EDLC stations. The four standard configurations of contact lines are listed below.
• Contact lines supplied by electrical substations at both sides (see Figure 1a 
Mathematical models of all of the contact line configurations, previously taken into account are, generally, carried out on the basis of their equivalent electrical networks and the following sets of input data:
• contact line lengths and cross-section; • inner characteristics of equivalent DC sources; • intensities and locations of currents requested by trains; • selection either of probabilistic or deterministic procedure.
The performance of any contact line configuration can be optimised by using EDLC stations. The main actions of storage devices consists of peak shaving of substation currents and recovering the kinetic energy of translating mass of the vehicles, with consequent reduction of line voltage drops and train currents. The traction system efficiency can be defined as the product of different subsystem efficiencies: substation efficiency, line efficiency and vehicle efficiency. The use of electrical storage devices implies an improvement of each subsystems efficiency and, consequently, also of the traction system efficiency. In both cases, reference has to be made to the current density along the line, expressed in A/cm
defined by the ratio between the currents and contact line cross-sections at different times and cross-sectional areas.
After showing the mathematical models of the abovementioned contact line configurations, the paper proposes different algorithms for design guidelines for EDLC support systems for urban and suburban railway contact lines. Previous experience with the use of EDLC devices, in different electrical applications, is integrated with theoretical results to finally attain satisfactory practical results. The validation of the designed composite system could be obtained by a digital simulation by referring to the dynamic operation of the whole system. The envisaged mathematical model of the whole traction system must be utilised by referring to electrical quantities that vary, not only along the lines, but also with time, and by considering a number of linear co-ordinates directly related to the number of means of transportation involved in each contact line section. The use of energy storage systems in the sample case has been extended to electrical energy recovery to compare weights and costs of both their suitable practical use.
Background for the Evaluation of a Sample Mathematical Model
Each contact line carries the electrical power needed by all of the trains scheduled to operate on that line. The electrical current drawn by each vehicle is dependent on its movement along the line. Transverse current functions represent the input data of the mathematical model. Longitudinal current functions represent the unknown quantities of the problem. They are needed to define the current densities along the cross-section, σ(x,t), of the contact line. In the following, reference is made to a line supplying n different trains, each one characterised by the progressive subscript 0 ≤ ν ≤ n -1. Each train is in the point x ν (t) and absorbs a current I ν [x(t),t]. For simplicity, reference is made to the generalized function theory. With this theory, the concentrated currents I ν can be represented by a continuous distribution of currents:
(2) where δ(x) is the Dirac delta function. Therefore, from the continuity equation of the electric charge, it is finally possible to write (see Figure 2b ):
where n is the versor normal to the surface Σ. It is, therefore:
The quantity σ(x,t) is very important to develop correct contact line designs and to manage the optimised contact line behaviour. Actually, this quantity leads immediately to the definition of the line voltage drop, i.e.,
where reference is made to the constant cross-section of the contact line. The same function, σ(x,t), is useful to evaluate contact line losses [27] , i.e.,
Analytical Solution

Contact Lines Supplied by Electrical Substations at Both Sides
Using the expression of the current density given by Equation (1), current J 0 can be determined by putting the global voltage drop along the line equal to zero:
After an easy manipulation of summations, we get:
Contact Lines Supplied by an Electrical Substation at One Side
In this case, the current in the last branch is always zero and, therefore, the current in the feeder is the sum of the load currents:
If x ν (t) < x < x ν+1 (t), the voltage drop in the generic point of the line is given by:
Contact Lines Supplied by One Electrical Substation at Intermediate Position
The mathematical model of the physical system in Figure 1c , in a case with n trains, each placed at x ν (t) and carrying a current I ν (t), can be derived immediately after the mathematical model of the contact lines supplied by an electrical substation located at one side. In fact, if the generator is placed at x = x g , this line is equivalent to two half-lines, each one supplied at one of the sides only. The first line is x g long and carries the load of ν trains, whereas the second is l − x g long and carries the load of μ trains, with ν + μ = n.
Suitable Locations of EDLCs
The practical use of EDLC storage systems as a support of contact line voltage requires the evaluation of their appropriate locations and sizing. The resolution of these problems should lead to the selection of the more suitable EDLC configurations offering the maximization of system performances with a minimum cost. The correct approach for the evaluation of EDLC locations and sizing requires the definition of suitable targets. If reference is made to the placement of EDLCs, the most suitable position allows the lowest voltage drops for a given value of the energy injected into the line. This optimal position can be easily evaluated using the mathematical model explained in the previous section. For simplicity of the analytical analysis, the contact line is supplied by an electrical substation located at one side of the track and there is only one train along the line. The current injected into the line by the EDLCs is assumed to be a given function of the time, i c (t). This simplification can be adopted, since generally the EDLCs are not directly connected to the contact line, but they are integrated with a DC-DC power converter, as shown in Figure 3 . As well-known, these converters can be driven in a current control mode and, therefore, the current injected into the line can be regulated to any assigned reference value. As a conclusion, the EDLC system can be modelled as a current source with a limited energy. This energy represents the stored energy into the EDLC modules. If x t (t) denotes the position of the train at the instant t, i t (t) the current drawn by the train at the instant t and X c is the fixed position of EDLC system, the voltage drop can be easily obtained by the mathematical model previously presented. If x t (t) < X c , it is: (12) where R is the total equivalent resistance of the line and L is its length. If otherwise x t (t) > X c , it is: Figure 4b shows the situation where the train is in the same position of the EDLCs. Figure 4 shows also that the minimum voltage always occurs at the vehicle's location. In order to minimize the currents and the voltage drops on the line, the best condition is then achieved when the storage system is placed at the train's location. This result is valid whatever the actual position of the train is. Since actually the train does travel along the line, this optimal condition is satisfied in each instant of time only if EDLCs are not fixed and change their position according to that of the train. In other words, the optimal compensation would be achieved if EDLCs were placed onboard of trains. 
This situation is out of the scope of this paper, because reference is made to old manufactured vehicles and stationary EDLCs for old contact lines. However, also in this case it is possible to evaluate the more suitable location of EDLCs. For each position of the train, x t (t), it is possible to evaluate from Equations (12) and (13) the voltage drop at train's pantograph, i.e., Δv(x t ,t). Supposing that i t (t) = I t and i c (t) = I c are both constant, this voltage drop is also time-independent and is a function of x t only, i.e., Δv(x t ,t) = ΔV(x t ). In these hypotheses, the plot of the train's voltage against the position of the train itself can be represented as Figure 5 shows. Figure 5 shows that the maximum voltage drop of the train always occurs at the end of the line and is equal to: Regarding the choice of I c , it is usually convenient to select first a maximum allowable voltage drop for the train, ΔV max . This value is selected according to the thresholds allowed by the minimum voltage relays. The value ΔV max has to be a compromise between size of storage device (cost) and the compensation of line power loss (improvement of line efficiency). From this condition, the EDLC current is zero if the voltage drop caused by the train is less than ΔV max , i.e.,
This condition implies that EDLCs can be unused when the train is within the characteristic distance X t1 :
When the train passes this point, EDLCs should supply a current that compensates for the voltage drop greater than ΔV max caused by the movement of the vehicle beyond X t1 . The minimum current, I c , preventing the voltage drop from being greater than ΔV max , is straightforwardly determined as:
The voltage drop across the EDLCs, ΔV c , is equal to that of the train when x t < X t1 , since I c = 0. Otherwise, it can be easily evaluated from the expression of the current, I c (x t ): (18) This voltage drop presents a minimum point in the interval [X t1 ,L] for:
which is greater than X t1 , since ΔV max < R I t , i.e., the maximum allowable voltage is less than the maximum drop caused by a train without EDLCs. The voltage drop of EDLCs as a function of the train's position is represented in Figure 6 , where: i.e., the maximum voltage drop of the train is attained when the train is running within one fourth of the line length. 
Previous considerations pointed out that a storage system is capable of effectively limiting the voltage drops caused by trains without changing the capabilities of the line and the onboard arrangements. It is, however, necessary to consider that the current supplied by EDLCs can be assumed to be constant only for a definite time interval dependent on the charge accumulated in the storage system. This problem concerns the sizing of the storage devices, rather than the location, and is treated in the following section.
Designing Guidelines of the EDLC Stacks
When EDLCs are used to improve the performance of traction systems, they must be properly designed to obtain the expected results. The design procedures are devoted to evaluating the number of EDLC modules, their capacitances and the most useful locations. The input data are the characteristics of the electrical substations, the overhead contact line and the trains. The practical application of any design procedure is complicated by the movement of trains, which can only be taken into account statistically, because the distances and intensities of the currents carried-on by trains vary in a stochastic manner, together with their distances from the supplying DC sources. A sample procedure is suggested in the following. It is based on the preliminary consideration that from a theoretical point of view, the best results would be obtained if the number of EDLC sets was chosen equal to the number of trains and located as near to them as possible. In practice, this solution could only be obtained if EDLC sets could be located onboard every vehicle. This solution implies that trains must be designed and manufactured to host onboard EDLC sets. This situation is out of the scope of this paper, because we are dealing with traditional vehicles, moving along a traditional line, fed by old contact lines. By discarding this theory, design procedure must make reference to stationary EDLC sets. The suggested procedure is outlined as follows:
1. The trains are placed on the track in fixed positions. The number of the trains and their positions are given by a preliminary probabilistic study on real traffic conditions on the line. These quantities can be obtained for example as the expected values of random variables describing their stochastic behaviour; 2. The diagram of voltage drop is interpolated by a polynomial approximation in each branch of the line between two electrical substations. This is equivalent to substitute the currents concentrated in trains' locations with continuous current distributions. The chosen approximation has to be made using the mean least square method. The simplest analytical approximation is of second order; it means that the voltage drop function are approximated by parabolas; 3. The maximum allowable voltage drop ΔV des is set; 4. The EDLCs are located in the stations which are as close as possible to the points where parabolas have their minimum; 5. For each EDLC is selected the value of energy stored; 6. The parabolas evaluated in step 2 are modified by the introduction of EDLCs sized in Step 5; 7. The size of EDLCs is increased until the voltage drop is lower than ΔV des in any point of the line.
Numerical Example
A sample suburban railway line is supplied with DC by three electrical substations (ESS) at a rated voltage of 3 kV, as shown in Figure 7 . Two substations, located in Agnano and Pianura, have power capacities of 7500 kW, whereas the substation located in Torregaveta has a power capacity of 2500 kW. The contact line has a cross-sectional area equal to either 440 mm The minimum voltages are 2706 V at 8:14 AM and 2570 V at 1:12 PM. It is desirable to size the EDLC module to ensure that the voltage drop on the line is less than 300 V under all conditions. Therefore, the parabola approximating the best value in the voltage diagram of Figure 7 has to be evaluated with the least squares method.
The relative minima of the three parabolas are 2893 V between Agnano and Torregaveta, 2578 V between Torregaveta and Pianura and 2959 V between Pianura and Agnano. The EDLCs have to be placed in the stations as close as possible to these relative minima, thus, in the stations of Torregaveta, Grotta del Sole and Piave. The requirement for the voltage drop can be satisfied with currents supplied by EDLCs respectively equal to 100 A, 300 A and 150 A. With these currents, the new line voltage diagram is that shown in Figure 9 , confirming that the drop is not greater than 300 V at any point along the line. The last step is the determination of the EDLC modules. Considering that the mean starting time of the trains is T s = 20 s, the total energy supplied by each EDLC is that given by Table 4 . EDLCs are connected to the contact line by means of a bidirectional DC-DC converter. In order to increase the voltage ratio between the input and output, a double stage converter can be used, as explained in [28] . In this case, a maximum voltage ratio of 16 can be considered. This means that the minimum voltage of the EDLCs should be at least 189 V, which is about 1/16 of the voltage at the station at Piave. Using the modules of Table 5 , it is necessary to connect at least four modules in series, obtaining a string with a rated voltage of 500 V and a capacitance of 15.75 F. On the basis of the data in Table 5 , it is necessary to verify if the currents of Table 4 can be supplied by the EDLC modules without damages due to overheating. This is straightforward for the modules placed in Torregaveta and Piave, because the current is not greater than the RMS continuous current of the EDLC modules. For Grotta del Sole, the verification can be carried out by means of a simple thermal model, developed on the basis of the data available. The maximum change of temperature is obtained when the current is equal to the RMS continuous current. Assuming for simplicity a first order thermal model of the module, the change of temperature is: (23) where τ is the thermal time constant. This time constant can be determined from the maximum current, considering that after five seconds the module reaches the 1st maximum change of temperature. Supposing that the temperature at steady-state will be directly proportional to the square of the ratio of the currents (proportional to losses), the new law for the rate of change of temperature is then: (25) Comparing this value with that reported in Table 5 , it is clear that the modules of Grotta del Sole can supply the current requested for the duration of the trains' acceleration. Taking into account that the minimum voltage, V min , is equal to half of the rated voltage, V rated , the required capacitance at each station can be obtained by the expression: Using the values of the required energy given by Table 5 , the total number of modules in each station are finally those of Table 6 . Previous considerations lead to the conclusion that EDLCs can be used to support voltages in overhead contact lines. Undoubtedly, they can be attractive also for recovering electrical energy during trains' braking. In this case, electrical storage devices should be placed onboard of trains, because energy travels along the shortest path from the traction drive to the storage devices, improving the recovery efficiency. It is easy to show that in such a case, the energy capacity of the storage device is much bigger than that necessary for supporting line voltage. In the hypothesis that the train is travelling at its maximum speed, the electrical energy to be stored in EDLCs for energy recovery would be equal to: (27) Using the EDLC modules of Table 5 , the energy given by Equation (27) can be stored interconnecting 60 modules, i.e., 30 per car. This set of EDLCs, though smaller than that obtained in the sizing procedure for voltage support (96 modules), has to be multiplied by the number of trains running on the line (nine trains). Therefore when EDLCs are used for energy saving the storage device has to be about five times larger than that needed for voltage support.
Conclusions
This paper showed how EDLCs can support voltages of urban and suburban contact lines. The evaluation of electrical performances of the lines was made by developing simplified mathematical models suitable for such systems. Models were used for the definition of a sizing criterion for EDLCs with the main objective of reducing voltage drops down to assigned thresholds. The criterion was mainly based on a polynomial approximation of the load distribution, which would be representative of the best fit for different load configurations. The proposed criterion was finally applied to the sample case of a suburban train in South Italy in order to show that the use of EDLCs is feasible from the technical point of view and that the weights and volumes are small enough for the placement of the corresponding storage devices at stations.
